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We use the projective geometry of the maximal subgroups of a p-group 
to count (via P. Hall’s Enumeration Theorem) the number of elements in 
certain classes % of abelian subgroups of ap-group G, p # 2. We look along 
the lines of this projective geometry to localize the counting to asking 
structural questions about the products of elements of V which are normal 
in G. We ask, when does each maximal subgroup of the product of two (and, 
sometimes, three) normal elements of %? also contain an element of V. We 
often answer this question by showing the existence of abelian subgroups of 
a specified order in a certain family of class 2 p-groups. 
In the crucial case-counting elementary abelian subgroups of order 
p5-we show that the number of such subgroups of a specific kind of group 
is the number of projective solutions to a homogeneous equation of degree 2 
(quadratic form) in 3 variables. We get this quadratic form by using the cross 
product and dot product on a suitable 3-dimensional vector space over the 
field with p elements. 
We count, modulo p, the number of elements in three types of classes of 
abelian subgroups of a p-group G: the elementary abelian subgroups of a 
fixed order pli, k < 5; the abelian subgroups of order pr, for a fixed k < 5; 
and the abelian subgroups of a fixed index p or pa. 
We use the results and techniques of the elementary abelian case to get the 
results in the abelian case. The abelian case is then used to get the index 
results. These are contained in the following theorem and its corollary. 
THEOREM. Let G be a p-group, p # 2, and let %? be any one of the following 
classes of abelian subgroups of G: 
(i) elementary abelian subgroups of order pk for some$xed k < 5; 
(ii) abelian subgroups of order pk for someJixed k < 5; 
(iii) abelian subgroups of jixed index p or p2. 
Suppose %? is nonempty. 
309 
Copyright 0 1975 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
310 KONVISSER AND JONAH 
Then the number of elements of %T (in G) is congruent to 1 modulo p except 
in the index p2 case where the number can also be exactly 2. 
COROLLARY. (i) If G is a normal subgroup of a p-group 3, then there are 
elements of % which are normal in X. 
(ii) If a p-group 95, p # 2, has an abelian subgroup of index p3, then 
there is a normal abelian subgroup of index p3 in SF. 
This theorem generalizes results of Berkovic [2, Theorem l] for p3 and 
[3, Theorem 111 for p4. The corollary generalizes results of Huppert [13, 
III 7.51 for pa; Feit-Thompson [5, Lemma 8.41 for p3; Hobby [ 12, Theorem 1] 
for p*; Alperin [l, Theorem 41 for index p2 and p3; and Konvisser [16, 
Theorems A, B] for plc, K < 5, and index p2, p3. 
We have several families of examples of p-groups with exactly 2 elementary 
abelian subgroups of order pa [14]; B er k ovic [3] gives an example of a p-group 
with exactly 5p elementary abelian subgroups of order p7. Berkovic uses this 
example to construct a group G of order 511 with exactly 25 abelian subgroups 
of order 5’ (index 54) with all of them nonnormal in G. 
The transition from the theorem (counting) to the corollary (normality) 
comes from the simple observation that when a p-group operates on a finite 
set then the nontrivial orbits have length a multiple of p. We formalize this 
as the following proposition which will be used repeatedly throughout the 
paper. 
PROPOSITION 0.1. Let 9 be a nonempty class of subgroups of a p-group G, 
let 97 be closed under conjugation, and for each subgroup H of G let n(H) be 
the number of elements of % which are subgroups of H. 
Then 
(i) the number of elements of %? which are not normal in G is divisible byp, 
norm%z G!G) 
is congruent modulo p to the number of elements of % which are 
(iii) if n(G) is not divisible by p, then some element of %? is normal in G. 
(iv) if N is a normal subgroup of G with n(N) not divisible by p, then N 
contains an element of %? which is normal in G. 
(v) if N is a normal subgroup of G containing all of the elements of V 
which are normal in G, then n(G) = n(N) modp. 
Notation 0.2. We will often use the symbol Ear to denote an elementary 
abelian p-group of rank K. 
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1. LINE LEMMA 
In this section we set up machinery for counting, modulo p, certain types 
of abelian subgroups of p-groups, p # 2; in particular, elementary abelian 
and abelian subgroups of a fixed order p” for k < 5 and abelian subgroups 
of index p or p2. 
The major tool for counting in p-groups is P. Hall’s Enumeration Theorem 
[9, p. 391. We use the following special case. 
THEOREM I . 1. [P. Hall]. Let $5’ be a class of proper subgroups of a p-group G; 
for each subgroup H of G, let n(H) be the number of elements of V which are 
contained in H. 
Then 
n(G) = 1 n(M) modp. 
Mmax in G 
We want to show that n(G) = 1 modp given that for each maximal 
subgroup M: either n(M) = 0 or n(M) E 1 modp. In other words, given a 
fixed maximal subgroup M,, with n(M,) # 0 we want to show that the number 
of maximal subgroups M f AZ, with n(M) # 0 is a multiple of p or equiv- 
alently, the number with n(M) = 0 is a multiple ofp. This suggests that we 
use an equivalence relation on the set of maximal subgroups M # M,, 
having p elements in each equivalence class. Such a natural equivalence 
relation is available once we realize that the maximal subgroups M of a 
p-group G form a projective space with p + 1 points per line. 
-- 
DEFINITION 1.2. The line M,M, determined by two distinct maximal 
subgroups M,, M, is the set of all maximal subgroups M with M 3 MI n Mz . 
PROPOSITION 1.3. Let r be a finite projective space in which each line 
contains p + 1 points and let f be a function from the points of r to the integers. 
Suppose there is a point m, of r with the following property: 
If m, and m2 are two points daTerent from mO on the same line through m, , 
then f (ml) z f (m.J mod p. 
Then 
zn f (m) = f (mcJ mod P. 
Proof. 
C f(m) =f(mcJ +L (C mEa 77 WLnsL’ 
f(m)), 
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where 8 is the pencil of all lines L of 7r containing the point m, and L’ is the 
set L - (naO). Furthermore, 
m&f(m> = 0 mod P, 
since f is constant, by assumption, on the points of L’, a set with p elements. 
Applying these ideas to p-groups we get the following theorem. 
LINE LEMMA 1.4. Let G be a p-group, let 59 be a class of proper subgroups 
of G, and let n(H) be the number of elements of %? contained in a subgroup H of G. 
Suppose that : 
(i) for each maximal subgroup M which contains an element of 97, then 
n(M) = 1 modp. 
(ii) there is a maximal subgroup M0 with the property if a maximal 
subgroup MI # M,, contains an element of V, then so do all maximal subgroups -- 
M on the line MoMI . 
Then, if $9 is nonempty, 
n(G) = 1 modp. 
Proof. Proposition 1.3 and Hall’s Enumeration Theorem 1.1. 
In order to maintain the focus on the geometry we give the following 
definitions. 
DEFINITIONS 1.5. Let % be a class of subgroups of p-group G. 
(i) A maximal subgroup M0 which satisfies condition (ii) of the Line 
Lemma 1.4 is called an origin (for S’). 
(ii) A proper subgroup 9 is called a local origin if for each maximal 
subgroup M of G, the intersection 9 n M contains an element of $7. 
(iii) A pair E1 , E, of elements of W is said to support good lines if each 
maximal subgroup M 3 E1 n E, also contains an element of %?. 
Besides meeting the inductive requirement (i) of the Line Lemma 1.4 we 
need ways to find origins. The normality requirements appear in the following 
because of our desire to localize the problem. 
METHODS OF LOCATING ORIGINS 1.6. Let 92 be a class, closed under 
conjugation, of proper subgroups of up-group G satisfying n(M) = 0 or n(M) E 1 
for each maximal subgroup M (condition (i) of the Line Lemma). 
Then G contains an origin M0 if any one of the following three conditions is 
satisfied. 
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(i) G contains a local origin 3; in which case any maximal MO 3 9 is 
an origin. 
(ii) Each pair E1 , E, of elements of % which are normal in G support 
good lines; in which case any maximal subgroup MO containing an element of V 
is an origin. 
(iii) A maximal subgroup MO of G contains a family E1 ,..., E, of normal 
elements of V satisfying: if E is a normal element of V, then for some i, 1 < i < m, 
the pair E, Ei supports good lines; in which case MO is an origin. 
Proof. (i) follows from the definitions. 
(ii) Let MO be a maximal subgroup containing an element of 9. Then 
AZ,, contains an element E, of V which is normal in G, since the conditions 
of (0.1 iv) are satisfied: M,, is normal in G, n(M,,) = 1 modp, and 9 is closed 
under conjugation. For the same reasons each maximal subgroup MI contains 
a normal element E1 of V whenever MI contains any element of V. Thus -- 
each M on the line MOMI contains an element of %, for M > M,, n MI > 
E,, n E1 which in turn implies that M contains an element of V because the 
normal pair E, , E1 supports good lines. 
(iii) follows as in (ii). 
The following simple application of these methods will illustrate how we 
use the Line Lemma to count, modulo p, subgroups of p-groups; specifically, 
how we use information about the product of two normal elements of %? to 
count in G. 
APPLICATION 1.7. Let G be a p-group, p # 2, containing an elementary 
abelian subgroup of order p2. 
Then the number of such subgroups is congruent to 1 mod p. 
Furthermore, [13, III 7.51 any normal subgroup N of G containing an 
elementary abelian subgroup of order p2 contains one which is normal in G. 
Proof. We may assume, by induction, that the counting result has been 
verified for all groups of orler less than / G 1, in particular for the maximal 
subgroups M of G. Let G contain an elementary abelian subgroup of order 
p2 and let %T be the class of all such subgroups. By using proposition (0.1 iv) 
we see that G contains at least one normal elementary abelian subgroup E1 
of orderp2. If there were no other normal one then n(G) = 1 mod p by (0.1 ii). 
If E, # E1 is a normal element of 27, then the product EIEz is a local origin 
as it is either elementary abelian of order p3 or p4 or it is the nonabelian group 
of order p3 and exponent p. In each case, every maximal subgroup of EIE2 
contains an element of Q?. (For the same reason the pair El, E2 supports good 
lines.) Thus the Line Lemma gives the counting result. 
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To obtain Huppert’s result from this we use (0.1 v). 
. . . . . . 
In general the procedures for applying Methods (1.6 I, u, m) and the Line 
Lemma 1.4 are considerably more complicated. The following Flow Chart 
gives the decision procedures used in counting (elementary) abelian subgroups 
of order p li for some fixed k < 5. We will refer to this Flow Chart in our , 
proofs of Theorems 2.2, 4.1, and 5.5. 
FLOW CHART I .8. How the Line Lemma is used. 
Let V, G, and n(H) be as in 1.6. Assume further that V is nonempty so 
that by (0.1 iv) there is an El E ‘~$7 which is normal in G. 
No Prop 10 1 ,,I .- 
I 
Yes Method (1.6 i) 
E*E,E*? 
I “‘-- r 
No method (1.6 iii) 
Prop. (0 I”) _I 
2. THE NUMBER OF ELEMENTARY ABELIAN SUBGROUPS OF RANK 4 
In this section we count, modulo p, the number of elementary abelian 
subgroups of order p k, k < 4 and p # 2. Specifically, we use Alperin’s 
Theorem [I, Theorem 31 on two alternating forms to show that for any 
normal pair El, E, of such subgroups either the product EIE, is a local 
origin or the pair El , E, supports good lines for the class of all elementary 
abelian subgroups of order pk. In terms of the Flow Chart 1.8 we never have 
to cross the dotted line. 
THEOREM 2.1. Let H = EIEz be the product of two normal elementary 
abelian subgroups El # E, of order pa, p # 2, such that either 
1 H’ 1 <p2 or ’ H: Z(H)] < pa. 
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Then either H contains an elementary abelian subgroup of order pk+l or else 
each maximal subgroup of H containing E1 n E, contains an elementary abelian 
subgroup of order pk. 
The $rst conclusion implies that the product E,Ez is a local origin and both 
say that the pair E1 , E, supports good lines for the class V? of all elementary 
abelian subgroups of order pk of any p-group G containing both E1 and E, . 
Proof. Since E1 and Ez are normal in H and p # 2, we see that H has 
class at most 2, has exponent p, and Z(H) > E1 n E, . 
If Z(H) > E1 n E2, then either EJ(H) or E,Z(H) is abelian of order at 
least p”+-l and we are done. So in the remainder of the proof we take 
Z(H) = El n E2 . 
If / H: Z(H)1 = p2, then / H j = pk+l and every maximal subgroup L of H 
which contains Z(H) is of orderp over Z(H) and so is abelian, as desired. 
So we are left to consider the case where Z(H) = El n E, and 1 H’ I < p2. 
Let i E1 n E, / = pc so that 1 H 1 = p2”pc. Now we will show that each 
maximal subgroup L of H containing EI n Ez = Z(H) also contains an 
elementary abelian subgroup of order pk. To do this we apply a theorem of 
Alperin [I, Theorem 31 on pairs of alternating forms. 
We obtain the forms as Alperin does-specifically: The subgroup L has 
class at most 2 and L’ < Z(H) < Z(L). Let N = Z(H). If L is abelian there 
is no problem, so we look at the case where I L’ I = p or p2. Let L’ = (c, d) 
where d = 1 if / L’ j = p, and define the alternating forms 
f, g: L/N x L/N + GF(p) 
by 
[g, jq = pwdff Lw) EL’ 
where %, 7 denote the cosets xN, yN, respectively; we take g = 0 if d = 1. 
Now Alperin’s Theorem states that both f and g vanish on a common 
subspace of dimension at least [(n + 1)/2], where n is the dimension of the 
vector space L/N; i.e., n = 2(K - c) - 1. Hence L contains an elementary 
abelian subgroup of dimension at least (k - c) + (dimension of Z(H)) = k, 
as needed to complete the proof. 
From this theorem we easily obtain the following which contains results 
of Berkovic, Hobby, Huppert, Feit-Thompson, and Konvisser. For specifics 
see the introduction. 
THEOREM 2.2. Let G be a finite p-group, p # 2, containing an elementary 
abelian subgroup of order pk for some k < 4. 
Then the number of elementary abelian subgroups of G of order p” (k < 4) 
is congruent to 1 module p. 
Furthermore, ;f a normal subgroup N of G contains an elementary abelian 
subgroup of order pk (k < 4), then N contains one which is normal in G. 
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Proof. We may assume by induction, that the counting result has been 
verified for all groups of order less than 1 G 1, in particular for the maximal 
subgroups M of G. Let %? be the class of all elementary abelian subgroups 
of G of order pk for some fixed k < 4. 
Following the Flow Chart 1.8 it suffices (as in 1.7) to show that either the 
product EIEz of two normal elements of V is a local origin or that each normal 
pair supports good lines. As we are working in this range 1 E1 1 = 1 E, / < p4, 
the commutator group [E1 , E,] has order <p2, meaning that Theorem 2.1 
applies and we can use the Line Lemma. This gives the count modulo p. 
The normality statement then follows from (0.1 iv). 
In a similar fashion one proves the following: 
THEOREM 2.3. Let G be a p-group, p # 2, with G’ elementary abelian of 
order dividing p2. Suppose G contains an elementary abelian subgroup of order pk. 
Then the number of elementary abelian subgroups of G of order pk is congruent 
to one modulo p. 
Remark 2.4. This result 2.3 is best possible in the sense that there are 
p-groups G, p # 2, with G’ elementary abelian of order pa which contain 
exactly two abelian subgroups of (maximal) order p” (cf. [14, Corollary 3.4, 
Example 4.6, and Chap. 63). 
3. EDs’s AND PROJECTIVE GEOMETRY 
The count, modulo p, of elementary abelian subgroups of order pli, p # 2 
works for k < 4 because the product of two such normal EPh’s yields enough 
information to use the Line Lemma 1.4; specifically their commutator 
subgroup has small order ( <p2) or their product has a center of small index 
(<p”) (cf 2.2). Thus for k = 5 we must also look at the product of two 
normal ES5’s whose commutator subgroup has order p3. Such a group has 
order p7 and exponent p. 
In this section we will investigate a slightly more general class of groups; 
namely groups G of order p7 and exponent p with G’ = Z(G) of order p3. 
We show that each such group contains an Ea6 and the number of Ep6’s is 
1, 1 + p, 1 + 2p, or 1 + p + p2. Because of their unusual connections with 
projective geometry we take the time to classify them. There are just five 
isomorphism classes, each corresponding to a projective subvariety of the 
projective plane-point, line, double line, conic, and plane. The number of 
points on each subvariety is equal to the number of E9b’s. This connection 
is made precise by using the group G to define a quadratic form Q and by 
showing that there is a one-to-one correspondence between the set of 
projective solutions to q(v) = 0 and the set of EDs’s of G. 
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The reader interested in just the counting results need only read through 
Theorem 3.2. The existence part of this theorem was obtained in [l 1, Satz 31 
by highly computational methods. 
A. Translation from Commutation to Cross Product 
Let G be a group of order p’, exponent p, with G’ = Z(G) of order p3. 
In addition, let G have a maximal subgroup A which does not have an E,b . 
Under such circumstances, commutation 
[ , 1: A/Z(G) x A/Z(G)-+ G’ 
W-Y YZ) - 1x9 Yl 
is an alternating bilinear mapping on the three dimensional (multiplicative) 
vector space A/Z(G). 
We want to relate this alternating mapping to the cross product on a 
3-dimensional (additive) vector space V over the field GF(p), in order to 
make use of the standard interrelationships between the cross product, 
perpendicularity, and the dot product. 
Recall that when I/ is a vector space with basis i, j, k the cross product is 
the alternating mapping x : I’ x V’+ V satisfying i x j = k, j x k = i, 
and K x i =j, while the associated dot product is the symmetric bilinear 
form * 1 V x V - GF(p) satisfying i . i = j . j = k . k = 1 and 
i.j=i . K = j . k = 0. We will use the fact that: 
3.1. If v If 0, then a vector z of V can be written as z = v x w for some 
w E I/ if and only if z is perpendicular to v which is true if and only if 
v . z == 0. 
We go from commutation to the cross product on a three dimensional 
(additive) vector space V as follows. Let a; , ~%a , ii3 be a basis of A/Z(G) 
considered as a vector space over GF(p); b ecause A, by assumption, does not 
contain an E,s and because G’ = Z(G) has order p3, it follows that [a2 , a,], 
Ia3 , a,], [al, a,] form a basis of G’. Thus there are isomorphisms 
(6: A/Z(G) --f V, y: G’ ---f V such that the following diagram is commutative: 
A/Z(G) >i 4/Z(G) AA+ G’ \ A 
Q 1 1 d 1 Y (1) 
v x v-x-- v 
B. The quadratic form 
With the above setup relating to any maximal subgroup A which does not 
have an ED6 , we can associate a quadratic form q on V as follows. For each 
481/34/z-9 
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fixed element u of G not in such a maximal subgroup A, there is a linear 
mapping T, : V---f V corresponding to the linear mapping aZ(G) -+ [u, a] 
from .4/Z(G) to G’; specifically 
A/Z(G) AsI, G’ 
I 4 I Y (2) 
v T!L+ J7 
is commutative. 
The quadratic form 4 which will allow us to count the number of EV5’s 
of G is given by 
d4 = 2, . T&4 all lz’ E V. (3) 
THEOREM 3.2. Let G be agroup of order p7 and exponent p with Z(G) = G’ 
of order p3. In addition, assume that some maximal subgroup of G does not 
contain an elementary abelian subgroup of order p5. 
Then there is a quadratic form q on a 3-dimensional vector space over GF(p) 
with the property : 
There is one-to-one correspondence between the set of projective solutions to 
q(v) = 0 and the set of elementary abelian subgroups of order p5 of G. 
In particular, the number of elementary abelian subgroups of order p5 of G 
is equal to the number of points on one of the four projective varieties: 
point line double line conic 
. / 2 a . 
1 P+1 2p + 1 P+l 
Proof. The quadratic form q is just that of (3) assigned to a maximal 
subgroup A of G which does not contain an ED6 (cf. Sections 3A and 3B). 
We now show how the Ep5’s of G are related to nonzero solutions of the 
quadratic form q(v) = 0. If E is an ED5 of G, then / En A/Z(G)1 = p; 
furthermore, any a E A n E - Z(G) is centralized by some element outside 
of the maximal subgroup A; specifically: 
1 = [a, ub] for some b E A, 
whence E = (a, ub, Z(G)). 
Thus when E is an E96 , there is an element a E A - Z(G) such that 
[a, 4 = [a, a] for some b E A (4) 
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Converting the last equality to cross products and the linear mapping T, 
on I’ (cf. Eqs. (1) and (2)) we get a nonzero z1 E I’ such that 
u x w = T,(o) for some w E V. 
By the relationshop between the cross and dot products (3.1) this just says 
that 
q(v) = ZJ . T,(o) = 0 for some nonzero v E V. 
If a’ were another element of A n E - Z(G), then the corresponding 
element o’ of V would be a nonzero scalar multiple of v,, i.e., v and U’ both 
define the same projective point. Furthermore, if E n A = E’ n A, it follows 
easily that E = E’. Thus the E,s’s of G are in one-to-one correspondence 
a subset of the projective variety associated to the quadratic form q. 
To complete the proof we must show that to each nonzero solution ZJ to 
q(v) = 0, there is an EBs , E, such that ZI corresponds to an element of 
A n E - Z(G). But this is easy. For if v is a nonzero solution to v . T,(a) = 0 
then by (3.1) 
v x w = T,,(a) for some w E V. 
Converting back to A, this says there is an element a E 4 - Z(G) such that 
(4) is satisfied for some element b E A. Thus E = (a, ub, Z(G)j is an Ens 
of G; furthermore a E E n A - Z(G) as needed to complete the proof of 
the one-to-one correspondence. 
The rest of the theorem follows from the known properties of the solutions 
to q(v) = 0 where q is a quadratic form on a three dimensional vector space 
(cf. [17, pp. 180, 1811). 
C. Groups classified by their quadratic forms 
Let G be a group of order p’, exponent p, with Z(G) = G’ of order p”. If 
some maximal subgroup A of G does not contain an E,s , then (Theorem 3.2) 
there is assigned to G a quadratic form which determines the lattice of Ena’s 
of G. We will use known information about quadratic forms on a three 
dimensional vector space over a finite field to classify the groups under 
discussion. 
Recall that the quadratic form q is given by q(o) = v . TJv), where T, 
is a linear mapping on a 3-dimensional vector space I’ with basis i, j, k; 
specifically to each choice a; , ir, , ~a of basis of A/Z(G) there are isomorphisms 
4, y such that diagram (2) is commutative. If a;‘, a~‘, So’ is another choice of 
a basis of ;4/Z(G) then we get a commutative diagram: 
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VT,,‘-+V 
It follows that if P is the matrix of the change of basis on A/Z(G), then the 
corresponding change of basis on G’ is given by (P-l)t* det(P). Thus the 
matrices M, M’ of T, , T,, , respectively, are related by 
(det P) M’ = PMPtr. 
This is congruence up to a scalar mutiple. This multiple can be eliminated 
and, moreover, M can be taken to be a symmetric matrix because of the 
following two observations: 
first, if a E A, then T, is represented by a skew symmetric matrix and 
each 3 x 3 skew symmetric matrix over GF(p) is of this form; 
second, if u’ = una, then T,’ = nT, + T, . 
Thus, by choosing a properly, T, can be represented by a symmetric 
matrix. Then by proper choice of the basis of A/Z(G), and replacing u by 
a power of u if necessary, the matrix for T, may be replaced by any element in 
the equivalence class under congruence of matrices. Thus by using known 
results for quadratic forms on a 3 dimensional vector space over a finite 
field of characteristic f2 the matrix of T, can be taken to be one of the 
following four diagonal matrices (0, 1, -q), (0, 0, l), (0, 1, -l), (1, 1, -1), 
where q is not a square modulo p (cf. [15, Chap. 11). Thus by suitable basis 
change and suitable choice of u, the mapping T,, can be represented by one 
of the four matrices: 
q not a square mod p. 
These lead to the point, line, double line, and conic groups, respectively 
(cf. Table I below). 
Implicit in the classification listed in the table below is that exponent p 
groups of class 2 are determined by their commutator relations; for a formal 
proof of this see [14, Section I]. 
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Thus, we have enough information to classify the groups of type I given in 
the following Table I. The information needed for type II will be given after 
we look at those groups which are the products of two Eg5’s. 
TABLE I 
Groups G of Order pi, Exponent p, with Z(G) = G’ of Order p3 
G = (21, al> ~2 , a,>; Z(G) = (~1, G,.Q> 
I. Some maximal subgroup A does not contain an ED5 
[az , %I = Zl , 1% , %I = u”1 , [a,,~,] = z,,and[u,a,] = 1. 
group: point line double line 
. / x 
number of E,s’s: 1 P+l 2P + 1 P+l 
quadratic form: x,2 - qx,z Xl2 -&x3 x2= - x,x, 
q not a sq. mod p 
[u, %I : [a3 > a11 1 1 [a3 v 4 
[u, a,] : [a, I %-* k > %I [a3 ,a,1 1% , a,]-’ 
II. Every maximal subgroup contains an E,s (the plane group) 
[ai, ai] = 1 and [u, a,] = zi, 1 < i,j f 3. 
The number of E+.‘s in G is equal to the number (p’ + p + 1) of E,s’s in the 
unique Eve. (A = <al , u2 , us, Z(G))) of G; i.e., to the number of points in the 
projective plane. 
conic 
Remarks 3.3. (i) In the single line group all E+‘s are contained in the 
maximal subgroup (u, a,, aa, Z(G)). 
(ii) The double line group is the product of any two of its E+‘s 
neither of which is the unique E,s , (u, a, , Z(G)}. 
(iii) The conic group is the product of any two of its ES5’s. 
D. Products of two Egs’s 
The double line group and the conic group are the products of two normal 
E D5’s: 
G = EIEz with G’ = [El, E2] = El n E, = Z(G); (5) 
they are distinguished by the form of the kernel of the mapping: 
x,z 0 %Z - [Xl 9 %I* 
(6) 
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Any group G of the form (5) is determined by its commutator mapping (6). 
Thus by treating E1 = &/Z(G) and ,!?a = &/Z(G) as additive vector spaces, 
(they are 2 dimensional) there are bases .c~ , pi of & , i = 1, 2 such that either 
(1) %r @ Sa generates the kernel or (2) xi @ %a - yi @ 9s generates the 
kernel and the form of the kernel is independent of the choice of basis 
[7, P. 211. 
In group theoretic terms the two EP5’s, EI and E, , can be written 
4 = <xi , yi , Z(G)), i = 1,2, 
where either (1) [xi , x2] = 1 or (2) [xi , xa] = [yi , ys]. We will show that (1) 
corresponds to the double line group and that (2) corresponds to the conic 
group. 
In the first case, direct calculation shows that G has just the 2p + 1 EPs’s: 
<x 1, x2yli, Z(G)), (x,Y,‘, ~2 > Z(G)) 0 < i,j < P - 1 
4 = <XI 7 YI,Z(G)), E2 = (~2 9~2 > Z(G)). 
(7) 
Furthermore, (xix, , y1 , y2 , Z(G)) is a maximal subgroup which does 
not contain an EP5 . 
Thus when the kernel of the mapping in (6) is of the form (pi @ s22), the 
corresponding group is the double line. 
When the kernel is of the second type, corresponding to the relation 
[xi , x2] = [yi , y2], direct calculation shows that G has just the p + 1 
Eph’s : 
(%YB’,YI%‘, Z(G)), i = 0 ,..., p - 1 and E, = (x2 ,y2, Z(G)). (8) 
Furthermore, (x1x2 , yi , y2 , Z(G)) . is a maximal subgroup which does not 
contain an ED5 . Thus G is the conic group when the kernel is of the second 
type. 
In particular. we have shown the following. 
THEOREM 3.4. Let a group G be the product of two normal elementary 
abelian subgroups of order p5; G = EIE2 , such that 
[El , E,] = E1 n E, = Z(G). 
Then G is either the double line group or the conic group. 
E. The Line Lemma fails for the conic group 
Let G be the conic group. We want to show that the Line Lemma 1.4 fails 
for G; that is, for each maximal subgroup MI containing an E,s there is 
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another maximal subgroup n/r, containing an EB5 such that not every maximal -- 
subgroup M on the line M&I, has an EB5 . In fact, we will show M1 and M, are -- 
the only points on M,M, which contain an EQ5 . 
First, notice that if E1 , E, are any distinct pair of Er,b’s of the conic group G, 
then E,Ez = G and we may choose xi , yi E Ei , i = 1,2 such that 
Ei = (xi , yi , Z(G)) and [xi , ~a] = [yl , ya]. It will be helpful to note that 
by (8) 
(3.5) a noncentral element ~~~~~~~~~~~~ is an element of some EpS of the 
conic group if and only if det[z ft] = 0. 
Any maximal subgroup M1 > E1 has the form M1 = (x1 , y1 , xzoiy20, Z(G)). 
Choose (y, 6) with det[z $1 # 0 and set M, = (x2 , ya , x1yyi6, Z(G)). Then 
M, is a maximal subgroup of G containing E2 and 
It follows from (3.5) that no element of M1 n Mz - (E1 n EJ is in an E,s 
which implies that no maximal M > M1 n M, except M1 or M, contains 
an ED5 . Thus the Line Lemma fails for the conic group. 
F. Groups where every maximal subgroup has an ED5 
In order to complete the classification given in Table I we need the following 
proposition. 
PROPOSITION 3.6. Let G be a group of order p7 and exponent p with 
Z(G) = G’ of order p3. In addition, assume that every maximal subgroup of G 
contains an elementary abelian subgroup of order p5. 
Then G has a unique elementary abelian subgroup of order p6 which contains 
all of the elementary abelian subgroups of order p5 of G. In particular, G has 
just p2 -t p + 1 elementary abelian subgroups of order p5. 
Proof. If each maximal subgroup of G contains an ED5 then G cannot 
be the product of two of its EpS’s (cf. Theorem 3.4). Thus G has a maximal 
subgroup M which is the product of two Ep5’s: M = EIEp . We will first 
show that M = E1E2 contains all of the EDa’s of G and then we will show M 
abelian. 
Suppose E3 is an EDs not contained in M = E,Ez . Then by order 
considerations G = E1E2E3 and Z(G) = E1 n E, n E3, whence 
E3 2 Ej n (E&) a (E3 n -4) . (E3 n -$;>. 
The latter group has order pz over Z(G), hence 
4 = V3, n El) . (E, n 4) e E& 
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contradicting the assumption that E, < EIEz . Hence all the ED6’s of G are 
contained in the maximal subgroup M = EIEg . 
In order to show that M = EIE, is abelian it suffices to show that each of 
its maximal subgroups L is abelian. Such an L is the intersection of M and 
a maximal subgroup M, of G. Because each maximal subgroup of G has an 
E,, and because all E+‘s are in M, the intersection L = M n MI being of 
order p5 must be an ED6 and so be abelian. Thus M = E,Ez is abelian as 
claimed. 
4. COUNTING ELEMENTARY ABELIAN SUBGROUPS OF RANK 5 
In this section we count, modulo p, the number of elementary abelian 
subgroups of order p5, p + 2, of a p-group. We use the full Flow Chart 1.8 
and the counting and existence results of Theorem 3.2. In contrast to counting 
EDb’s for k < 4, when k = 5 we must do the counting in the product of two 
normal EDs’s by a method other than the Line Lemma 1.4 as the Line Lemma 
does not hold for the conic group, cf. 3.E. Moreover, information about just 
two normal EDj’s is not sufficient to complete the proof-we must examine 
the product of three normal Egb’s. 
The normality result of the following theorem is Theorem B of [ 161. 
MAIN THEOREM 4.1. Let G be a jinite p-group, p # 2, containing an 
elementary abelian subgroup of order pk, k < 5. 
Then the number of elementary abelian subgroups of G of order pr:, k < 5, 
is congruent to one mod&o p. 
Further, if a normal subgroup N of G contains an elementary abelian subgroup 
of order pk, k < 5, then N contains one which is normal in G. 
Proof. The proof for k < 4 is given in Theorem 2.2. Thus we restrict 
our attention to E,s’s. 
We may assume, by induction, that the theorem has been verified for 
groups of order less than ; G 1, . p t’ la , f m ar icu r or the maximal subgroups M 
of G. Let V be the class of all elementary abelian subgroups of G of order p5. 
As was explained in the Application 1.7 we may restrict ourselves to the 
case where G has at least two normal ED6’s. In terms of the Flow Chart 1.8 
we may assume that there are two normal E+‘s, E1 , and E, , whose com- 
mutator [E1 , E,] has order p3. For otherwise (as in the proof of 2.2) 
Theorem 2.1 would imply the existence of a local origin or would say that 
all normal pairs of E+‘s would support good lines, which would complete 
the proof in this case. 
If there were no normal E in V not in EIEz , then n(G) = n(E,E,) = 1 modp 
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by Proposition (0.1 v) and Theorem 3.2. Furthermore, if each such E 
supported good lines with one or the other of El , E, , then by Method 
1.6 iii, any maximal subgroup krO > E,Ez would be an origin for the Line 
Lemma. Hence, by 2.1, we may assume there is a normal subgroup E3 E %? 
with Es $ E,Ez and with both [El, Es] = Z(E,E,) and [E, , Es] = Z(E,E,) 
of order p3. 
We will now show that the product ElEBE3 is a local origin where Ei are 
normal elements of V, E3 $ E,Ez and [Ei , Ei] = Ei n Ei = Z(E,E,) has 
order p3 for i # j. 
Depending on the order of the triple intersection D = El n E, n E3, 
we will either use Theorem 3.2 to conclude that each maximal subgroup of 
P = EIEzEz contains an E,s or exhibit an E,, contained in P’ < Q(G). In 
both cases this says EIE,E, is a local origin. So an application of the Line 
Lemma will complete the proof. 
If D has order p3 then P is a class 2 group of exponent p and order >ps 
with Z(P) = P’ = D of order p3. Thus each maximal subgroup L of P 
contains an E,s (cf. Theorem 3.2 and the proof of 2.1 if 1 L’ 1 < p”). 
If D has order <p2, then (El n E2) . (El n E3) . (Ez n E3) is local origin 
since it is an abelian subgroup of P’ ,< @(G) of order at least p5. This 
completes the proof of counting modulo p. 
The normality results then follow from Proposition 0.1 iv. 
5. COUNTING ABELIAN SUBGROUPS OF ~-GROUPS 
In this section we count, modulo p, the number of abelian subgroups of 
orderpk, fork < 5, of ap-group,p # 2. We again use the full Flow Chart 1.8. 
To do this we develop analogues to Theorem 2.1 giving criteria for finding 
local origins and for the support of good lines. As in the elementary abelian 
case, Theorem 4.1, we use the decision procedures of the Flow Chart 1.8 
to reduce the problem to showing that a certain product of three abelian 
subgroups of order p5 is a local origin. But this product is isoclinic [lo] to 
the corresponding product P of three E,s’s appearing in the proof of 
Theorem 4. I. As isoclinic groups have the same number of maximal abelian 
subgroups, this gives enough information to complete the proof. 
THEOREM [6] 5.1. Let G be a class 2p-group with cyclic commutator group 
of order pa. Then 
(i) G is the central product of groups H with 
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(ii) An abelian subgroup A of G is maximal abelian zf and only if 
Z(G) ,< A and 1 A: Z(G)/ = 1 G: Z(G)11i2. 
The following corollary is the analogue to Theorem 2.1 when G’ is cylcic. 
COROLLARY 5.2. Let G be a class 2p-group, p # 2 such that G’ is cyclic, 
and let G’ < N < Z(G), where 1 G: N 1 = pn. 
Then G contains an abelian subgroup A > N with 1 A : N I = p[(n+1)121. 
We need the same conclusion for G’ abelian of rank 2. 
THEOREM 5.3. Let G be a p-group of class 2, p # 2, such that G’ is an 
abelian subgroup of rank 2, and let G’ < N < Z(G), where 1 G: N j = p”. 
Then G contains an abelian subgroup A 3 N with I A: N 1 = ~[(~~+l)/~l. 
Proof. We begin by considering three special cases. 
First, if G/N has exponent p, then G’ has exponent p. The Theorem 
reduces to Alperin’s Theorem on two alternating forms [l, Theorem 31 
(cf. proof of 2.1). 
Second, if G/N is isomorphic to the direct product of k cyclic groups of 
order p2( for some integer i, then A = Ui(G) N has the desired property. 
Third, if G/N is isomorphic to the direct product of k cyclic groups of 
order pzi+l for some integer i 3 1, then let D = Ui+l(G) . N and 
C = V(G) . N. We note that C’ < D < Z(C) ,( C and C/D is vector 
space of dimension k. Hence we see (by the first case above, that C contains an 
abelian subgroup A >, D with I A/D 1 = p[(s+1)j21. Hence 
I A: N j = j A: D 1 1 D: N / = p[(J~+l)Pl+ik; 
because [(k + 1)/2] + ik = [((2i + 1) k + 1)/2], the group A has the desired 
property. 
Now in the general case we write 
GIN = PI/N x ~1. x PJN, 
where each Pm/N is isomorphic to the direct product of k, cyclic groups of 
order p”. By the above special cases we can find abelian subgroups A, so that 
N < A, < Pm and I A, : N I = pt(n*+r)/al where pn= = I P, : N 1. Further- 
more, if 01 < B, then 
[A, , A,] < [8[m/21(Pu), U[e/21(Pa)] 
< [Pm , cJ[+l+ryPg)] 
< [P,,Z(G)l = 1. 
So by choosing A = A, x A, x ... x A, the result follows. 
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The following Theorem is the abelian subgroup analog to Theorem 2.1. 
THEOREM 5.4. Let H = A,A, be the product of two normal abelian 
subgroups A, # A, , each of order pk, p # 2, such that either H’ has rank at 
most 2 or Z(H) has index at most p2 in H. 
Then either H contains an abelian subgroup of order pL+l or each maximal 
subgroup L 3 A, n A, of H contains an abelian subgroup of order pk. 
The first conclusion implies that the product A,A, is a local origilz and both 
say that the pair A, , A, supportsgood lines for the class %? of all abelian subgroups 
of order p” of any p-group G containing both A, and A, . 
Proof. H has class at most 2 and Z(H) > A, n A, , because A, and A, 
are abelian normal subgroups of H. If Z(H) > A, n A,, then either A,Z(H) 
or A,.Z(H) is abelian of order at least ~~7~. 
If Z(H) = A, n -4, has order p”, then 1 H j = psPpc and any maximal 
subgroups L > A, n A, of H satisfies /L: Z(H)1 = p2++l. Thus L 
contains an abelian subgroup A > Z(H) with / A: Z(H)j = ph.--G (by 5.2, 
5.3 or by inspection when Z(H) has index p2 in H in which case c = k - 1). 
Since / A 1 = pk, this completes the proof. 
THEOREM 5.5. Let G be a Jinite p-group, p # 2, containing an abelian 
subgroup of order pa, k < 5. 
Then the number of abelian subgroups of order pr of G is congruent to 1 
modulo p. 
Further, if a normal subgroup N of G contains an abelian subgroup of order pB, 
then N contains one which is normal in G. 
Proof. We again use the full Flow Chart 1.8 as in the proof of the Main 
Theorem 4.1. Theorem 5.4 (the analogue of 2.1) tells us that if a normal pair 
A, , A, of abelian subgroups of order pk, k < 5 does not support good lines 
then A,, A, are of order pj and [A,, iz,] = A, n A, = Z(A,A,) is of 
order p3. This implies that the product A,A, is isoclinic to a product E,E2 
of normal Ev6’s with [El, Es] = E1 n E, = Z(E,E,) of order p3. For the 
central quotient of A,A, is the direct product of the two groups AJA, n A, , 
i = 1, 2 of order p2. Furthermore, these two groups are either both cyclic 
of order p2 or elementary abelian of order p2 because of the fact that the two 
highest invariant factors must be equal for the central quotient of a class two 
group [8, p. 131. The cyclic p2 case is ruled out as A,A, would then have a 
commutator group of order p2 rather than the given order p3. Thus the only 
possibility is that [A, , A,] is elementary abelian as needed for the stated 
isoclinism. 
The product A,A, being isoclinic to the product E,E2 of a pair of normal 
EDs’s with 1 [E1 , E2]j = p3 implies that both A,A, and ElE2 have the same 
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number of abelian subgroups of order p5. This number is rl modp by 
Theorem 3.2 ($Ez has exponent p, as p # 2). 
Iust as in the proof of 4.1, the Flow Chart 1.8 via 5.4 leads us to a product 
A,A,A, of three normal abelian subgroups of order p5 with [Ai, Aj] = 
A, A Ai = Z(A,A,) of order p3 for i # j. 
If the triple intersection A, n A, n 3 has order p3, then A,A,A,is isoclinic 
to the group P = E1E2E3 dealt with the proof of 4.1. Hence by isoclinism, 
AIA,A3 is a local origin. 
If A, n A, n A, has order <pz, then, as in 4.1, the group (A, I-I A,) . 
(A, n A3) (A, n A3) is abelian of order >p5 contained in (A,A,A,)’ < Q(G). 
This completes the proof of counting modulo p. 
The normality results then follow from Proposition 0.1 iv. 
Similarly one proves: 
THEOREM 5.6. Let G be a p-group, p f 2 for which all abelian subgroups 
of G’ have rank at most 2. Suppose G has an abelian subgroup of order p”. 
Then the number of abelian subgroups of order p” of G is congruent to 1 
module p. 
6. COUNTING ABELIAN SUBGROUPS OF INDEX pz 
In this section we count, modulo p, the number of abelian subgroups of 
index p2 in a p-group G, p # 2. It is surprising to note that instead of the 
almost ubiquitous result n(G) = 1 modp, we run into groups with exactly 
two abelian subgroups of indexp2. Thse groups are all isoclinic to a group QL 
which is the product of two normal E,e’s and these are the only Epe’s in GE 
For a more detailed study of such examples see [14, Section 31. 
Our counting result gives, as an immediate corollary, Alperin’s result 
[l, Theorem 41 that a p-group, p # 2, which contains an abelian subgroup of 
index p3 contains a normal abelian subgroup of index p3. 
THEOREM 6.1. Let G be a p-group. 
(i) Let G contain an abelian subgroup of index p. Then the number of 
abelian subgroups of index p is congruent to one module p. 
(ii) Let G contain an abelian subgroup of index p2, p # 2. 
Then either 
(a) the number of abelian subgroups of index p2 of G is congruent to 
1 module p, or 
(b) G contains exactly two abelian subgroups of index p2. 
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In the latter case, G is isoclinic to the class 2 group of order pe, exponent p, 
with generators x1 , y1 , x2 , yz with the additional relations [xi , yi] = I, 
i == 1,2. 
Proof. The indexp case is well known; when G is non-abelian the number 
is either 1 or p + 1. In terms of the Line Lemma 1.4 any abelian subgroup 
of index p in G is an origin. 
We now consider the index p2 case. Let %’ be the class of abelian subgroups 
of index p2 in G. By the above remarks we have that n(M) = 0 or 
n(M) = 1 modp for each maximal subgroup M of G. 
As before (cf. Application 1.7) we may assume that g contains at least two 
normal elements A, , A, of V. If their product A,A, is a maximal subgroup 
of G, then every subgroup L with A, n A, < L < A,A, is abelian of index 
pa in G. So such a pair supports good lines. Thus we are done, by the Line 
Lemma, unless there is a normal pair A, , A, of elements of % with 
G = A,iz, . 
Let A, , A, be a normal pair of elements of %? with G = A,A, . We show 
that, with one exception, G is isoclinic to the product of two normal abelian 
subgroups of order <p5, allowing us to use Theorem 5.5. Since G = A,A, , 
it follows that Z(G) > A, n A, has index <p4 in G and 
I AiZ(G)IZ(G)l G I AiIAl n 4 I = P2, 1 = 1,2, 
so that G’ = [A, , A,] has order <p4. 
Thus except in the case where G’ = [A,, A,] has order p4, G is isoclinic 
to a group H of order dividing pi whose abelian subgroups of index p2 are 
just the abelian subgroups of order p” of H for a suitable k, K ,< 5. Thus by 
isoclinism and Theorem 5.5 we see that the number of abelian subgroups of 
indexp2 of G is congruent to 1 modulop as long as / G’ 1 < p3. 
In the remaining case, / G’ j = pa, the number is exactly two. For then G 
is isoclinic to the class 2 group a of order pa, exponent p, with generators 
*x1 ) y1 , x2 > Y2 subject to the additional relations: [xi , ri] = 1, i = 1, 2. 
Such groups have only two abelian subgroups of order p6 (index p”) (cf. [13, 
p. 3491 and Section 3 of 1141). This completes the proof of the count modulop. 
The first part of the following was first proven by Konvisser [16, 
Theorem A], the second by Alperin [l, Theorem 41. 
THEOREM 6.2. Let N be a normal subgroup of a p-group G, p # 2. Suppose 
there is an abelian subgroup of index p2 in N. 
Then N contains an abelian subgroup of index p2 in N which is normal in G. 
In particular, af G contains an abelian subgroup of index p3, p # 2, then it has 
a normal abelian subgroup of index p3. 
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Proof. Follows directly from the counting result of 6.1 and Propo- 
sition 0.1 iv. 
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